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Abstract
We consider a generalisation of the classical Lehmer problem about
the parity distribution of an integer and its modular inverse. We use
some known estimates of exponential sums to study a more general
question of simultaneous distribution of the residues of any fixed num-
ber of negative and positive powers of integers in prescribed arithmetic
progressions. In particular, we improve and generalise a recent result
of Y. Yi and W. Zhang.
1 Introduction
Given modulus q ≥ 2, we denote by Uq the set
Uq = {n : 1 ≤ n < q, gcd(n, q) = 1}.
In particular, #Uq = ϕ(q), the Euler function.
For n ∈ Uq we use n to denote the modular inverse of n, that is, the
unique integer n ∈ Uq with nn ≡ 1 (mod q).
The classical question of D. H. Lehmer (see [3, Problem F12]) is about the
joint distribution of the parity of n and its modular inverse n ∈ Uq, defined
by nn ≡ 1 (mod q).
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W. Zhang [14, 15] has shown that the Weil bound of Kloosterman sums,
see [5, Corollary 11.12], combined with some standard arguments, implies
that if q is odd then n and its modular inverse n are of the same parity
0.5ϕ(q) +O
(
q1/2+o(1)
)
times for n ∈ Uq.
This result has been extended in generalised in various directions, includ-
ing its multidimensional analogues, see [1, 2, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16]
and references therein.
In particular, it has been shown by Y. Yi and W. Zhang [11], that for
any fixed integer k 6= 0, the smallest positive residue modulo q of nk and its
modular inverse nk are of the same parity 0.5ϕ(q) + O
(
q3/4+o(1)
)
times for
n ∈ Uq.
Here we show that using the bound from [8] of exponential sums with
sparse rational functions, one can get the same (as in the case k = 1) error
term O
(
q1/2+o(1)
)
for any fixed k and in fact obtain an asymptotic formula in
a much more general case. Namely given an an integer s ≥ 2 s-dimensional
integer vectors
k = (k1, . . . , ks), m = (m1, . . . , ms), a = (a1, . . . , as),
where m1, . . . , ms ≥ 1, we denote by Nq(m, a;k) the number of n ∈ Uq such
that the smallest nonnegative residue of nkj modulo q is congruent to aj
modulo mj for every j = 1, . . . , s.
In particular, the result of Y. Yi and W. Zhang [11] can be reformulated
as the asymptotic formula,
Nq ((2, 2), (0, 0); (k, k)) +Nq ((2, 2), (1, 1); (k, k))
=
1
2
ϕ(q) + O
(
q3/4+o(1)
)
,
(1)
which holds for any odd q.
Here we give the following generalisation and improvement of (1).
Theorem 1. For any fixed integer s ≥ 2 and a vector k ∈ ZZs without zero
components, uniformly over all vectors a,m ∈ ZZs with m1, . . . , ms ≥ 1 and
an integer q ≥ 1 with
gcd(m1, q) = . . . = gcd(ms, q) = 1,
we have
Nq(m, a;k) =
1
m1 . . .ms
ϕ(q) +O
(
q1−1/s+o(1)
)
.
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In particular, for s = 2, m1 = m2 = 2 and k1 = k2 = k, Theorem 1
implies that the error term in the asymptotic formula (1) is O
(
q1/2+o(1)
)
for
every odd q ≥ 1.
Throughout the paper, the implied constants in the symbols ‘O’, and ‘≪’
may depend on the vector k. We recall that the notations U = O(V ) and
V ≪ U are both equivalent to the assertion that the inequality |U | ≤ cV
holds for some constant c > 0.
2 Exponential Sums
For an integer ℓ we denote
eℓ(z) = exp(2πiz/ℓ)
and recall that for u ∈ ZZ,
1
ℓ
∑
−(ℓ−1)/2≤µ≤ℓ/2
eℓ(µu) =
{
1 if u ≡ 0 (mod ℓ),
0 otherwise,
(2)
(which follows immediately from the formula for the sum of a geometric
progression).
We also recall that for any integers U ≥ 1 and µ with 0 < |µ| ≤ ℓ/2 we
have ∣∣∣∣∣
U∑
u=0
eℓ(µu)
∣∣∣∣∣≪ min
{
U,
ℓ
|µ|
}
,
see [5, Bound (8.6)]. In particular
∑
−(ℓ−1)/2≤µ≤ℓ/2
µ6=0
∣∣∣∣∣
U∑
u=0
eℓ(µu)
∣∣∣∣∣≪ ℓ log ℓ (3)
and ∑
−(ℓ−1)/2≤µ≤ℓ/2
∣∣∣∣∣
U∑
u=0
eℓ(µu)
∣∣∣∣∣≪ U + ℓ log ℓ. (4)
Finally, as we have mentioned, our main tool is the following slight gen-
eralisation of [8, Theorem 1] which gives an estimate of exponential sums
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with sparse rational functions. We note that in [8, Theorem 1] only the case
of d = 1 has been considered, but the extension to the case of arbitrary d is
straightforward.
Lemma 2. For any fixed integer s ≥ 2 and a vector k ∈ ZZs without zero
components and an integer q ≥ 1, the bound
∑
n∈Uq
eq
(∑
1≤j≤s
λjn
kj
)
≪ d1/sq1−1/s+o(1)
holds, uniformly over all integers λ1, . . . , λs with
gcd(λ1, . . . , λs) = d.
Proof. Let
q =
ν∏
i=1
pαii
be the prime number factorization of q and qi = q/p
αi
i , i = 1, . . . , ν. We now
define ti as the modular inverse of qi modulo p
αi
i , that is,
tiqi ≡ (mod p
αi
i ) and 0 ≤ ti < p
αi
i ,
for i = 1, . . . , ν. Using the multiplicative property of exponential sums with
rational functions, see [5, Equation (12.21)] or [8, Lemma 6], we obtain
∑
n∈Uq
eq
(∑
1≤j≤s
λjn
kj
)
=
ν∏
i=1
∑
n∈U
p
αi
i
epαii
(
ti
∑
1≤j≤s
λjn
kj
)
. (5)
Furthermore, by [8, Lemma 5] we have
∑
n∈Upα
epα
(∑
1≤j≤s
µjn
kj
)
≪ pα(1−1/s+o(1)) (6)
for any prime power pα with pα →∞ and integers µ1, . . . , µs with
gcd(µ1, . . . , µs, p) = 1.
Combining (5) with (6) and using that
ν ≪
log q
log log q
(which follows from the obvious inequality ν! ≤ q and the Stirling formula)
we obtain the result.
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2.1 Proof of Theorem 1
Without loss of generality we may assume that a has a nonnegative compo-
nents satisfying 0 ≤ aj < mj , j = 1, . . . , s.
Let us define Uj as the largest integers U with mjU+aj < q, j = 1, . . . , s.
Then Nq(m, a;k) is equal to the number of solutions to the following
system of congruences
nkj ≡ mjuj + aj (mod q), n ∈ Uq, 0 ≤ uj ≤ Uj , j = 1, . . . , s. (7)
Since gcd(m1 . . .ms, q) = 1, for every j = 1, . . . , s we consider the mod-
uluar inverse rj = mj of mj modulo q, and also define bj ∈ Uq by the
congruence bj ≡ ajrj (mod q). Therefore, the system (7) is equivalent to the
the following system of congruences
rjn
kj ≡ uj + bj (mod q), n ∈ Uq, 0 ≤ uj ≤ Uj , j = 1, . . . , s. (8)
Using (2) we write
Nq(m, a;k) =
∑
n∈Uq
∑
0≤u1≤U1
. . .
∑
0≤us≤Us
1
qs
∑
−(q−1)/2≤λ1,...,λs≤q/2
eq
(∑
1≤j≤s
λj(rjn
kj − uj − bj)
)
.
Changing the order of summation and then separating the main term
#UqU1 . . . Us
qs
=
ϕ(q)U1 . . . Us
qs
corresponding to λ1 = . . . = λs = 0, we obtain
Nq(m, a;k) −
ϕ(q)U1 . . . Us
qs
=
1
qs
∑
−(q−1)/2≤λ1,...,λs≤q/2
∗
eq
(
−
∑
1≤j≤s
λjbj
)
∑
n∈Uq
eq
(∑
1≤j≤s
λjrjn
kj
)
∑
0≤u1≤U1
. . .
∑
0≤us≤Us
eq
(
−
∑
1≤j≤s
λjuj
)
.
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where Σ∗ means that the term corresponding to λ1 = . . . = λs = 0 is excluded
from the summation. Therefore,∣∣∣∣Nq(m, a;k)− ϕ(q)U1 . . . Usqs
∣∣∣∣
≤
1
qs
∑
−(q−1)/2≤λ1,...,λs≤q/2
∗
∣∣∣∣∣∣
∑
n∈Uq
eq
(∑
1≤j≤s
λjrjn
kj
)∣∣∣∣∣∣
∏
1≤j≤s
∣∣∣∣∣∣
∑
0≤uj≤Uj
eq (λjuj)
∣∣∣∣∣∣ .
Now, for every divisor d | q we collect together the terms with the same
value of gcd(λ1, . . . , λs) = d and then apply Lemma 2, obtaining the estimate∣∣∣∣Nq(m, a;k)− ϕ(q)U1 . . . Usqs
∣∣∣∣ ≤ q−s+1−1/s+o(1)∑
d|q
q<q
d1/sΣd, (9)
where
Σd =
∑
−(q−1)/2≤λ1,...,λs≤q/2
gcd(λ1,...,λs)=d
∏
1≤j≤s
∣∣∣∣∣∣
∑
0≤uj≤Uj
eq (λjuj)
∣∣∣∣∣∣ .
Writing λj = dµj, j = 1, . . . , s, and q = dqd, we derive
Σd =
∑
−(qd−1)/2≤µ1,...,µs≤qd/2
gcd(µ1,...,µs)=1
∏
1≤j≤s
∣∣∣∣∣∣
∑
0≤uj≤Uj
eqd (µjuj)
∣∣∣∣∣∣ .
Furthermore, we have
Σd ≤
∑
1≤j≤s
σd,j (10)
where
σd,j =
∑
−(qd−1)/2≤µ1,...,µs≤qd/2
µj 6=0
∏
1≤j≤s
∣∣∣∣∣∣
∑
0≤uj≤Uj
eqd (µjuj)
∣∣∣∣∣∣ , j = 1, . . . , s.
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We have,
σd,j =
∑
−(qd−1)/2≤µj≤qd/2
µj 6=0
∣∣∣∣∣∣
∑
0≤uj≤Uj
eqd (−µjuj)
∣∣∣∣∣∣
∏
1≤h≤s
h 6=j
∑
−(qd−1)/2≤µh≤qd/2
∣∣∣∣∣
∑
0≤uh≤Uh
eqd (µhuh)
∣∣∣∣∣ .
Applying (3) to the sum over µj and (4) to the other sums (and using the
trivial estimate Uh ≤ q), we obtain
σd,j ≤ (qd log qd)
∏
1≤h≤s
h 6=j
(Uh + qd log qq) ≤ qdq
s−1(log qd)
s = d−1qs+o(1)
for every j = 1, . . . , s. Substituting this in (10), and then recalling (9), we
obtain∣∣∣∣Nq(m, a;k)− ϕ(q)U1 . . . Usqs
∣∣∣∣ ≤ q1−1/s+o(1)∑
d|q
q<q
d−1+1/s ≤ q1−1/s+o(1)
∑
d|q
1.
By the well-known estimate on the divisor function,∑
d|q
1 = qo(1)
see [4, Theorem 317], we obtain∣∣∣∣Nq(m, a;k)− ϕ(q)U1 . . . Usqs
∣∣∣∣ ≤ q1−1/s+o(1).
It remains to notice that Uj = q/mj +O(1), j = 1, . . . , s. Therefore
U1 . . . Us =
qs
m1 . . .ms
+O(qs−1),
which concludes the proof.
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